In this paper the authors prove the L 2 (R n ) boundedness of the commutator of the singular integral operator with rough variable kernels, which is a substantial improvement and extension of some known results.
Introduction
Let S n−1 be the unit sphere in R n (n ≥ 2) with normalized Lebesgue measure dσ. A function Ω(x, z) defined on R n × R n is said to be in L ∞ (R n ) × L q (S n−1 ), q ≥ 1, if Ω(x, z) satisfies the following conditions:
(1) for any x, z ∈ R n and λ > 0, Ω(x, λz) = Ω(x, z);
, for any z ∈ R n \ {0}.
In 1955, Calderón and Zygmund [1] investigated the L 2 boundedness of the operator T . They found that these operators are useful in the study of second order linear elliptic equations with variable coefficients. In [1] , Calderón and Zygmund obtained the following result (see also [2] ):
, q > 2(n − 1)/n, satisfies (1.1), then there is a constant
On the other hand, it is well known that the commutator of the Calderón-Zygmund singular integral operator T and a BMO(R n ) function plays an important role in characterizing the Hardy space H 1 (R n ) and in understanding the regularity of solutions of second order elliptic equations (see [3] , [4] , [6] , for example).
To study interior W 2,2 estimates for nondivergence elliptic second order equations with discontinuous coefficients, in 1991, Chiarenza, Frasca and Longo [3] proved the L 2 (R n ) boundedness of the commutator T b,k with variable kernel for k = 1, which is defined by
where k ∈ N and b ∈ BMO(R n ). That is,
where the supremum is taken over all cubes Q in R n and
In 1993, Di Fazio and Ragusa [6] gave the weighted form of Theorem B, which was used to obtain the local regularity in Morrey spaces of the solutions of second order elliptic equations with discontinuous coefficients in nondivergence form.
Note that the kernel function Ω(x, z ) has no any smoothness in the condition of Theorem A. However, in Theorem B, Ω(x, z ) was assumed to be very smooth in its second variable. Hence, a natural problem is if the smoothness assumption of Ω(x, z ) can be removed and T b,1 is still bounded on L 2 (R n ). The purpose of this paper is to give a positive answer to the above problem. More precisely, our result is an improvement and extension of Theorem B.
Theorem 1.
If
Remark 1. L. Tang and D. Yang [9] considered the above problem for n = 2 only. However, the method presented in this paper is different from the one in [9] .
Some lemmas
We begin with some lemmas, which will be used in the proof of Theorem 1.
, where P (x) is a solid spherical harmonic of degree m. Then the Fourier transform of f has the form f = F 0 (|x|)P (x), where 
3)
Proof. We start with the estimate (2.3). Since
To show (2.1) and (2.2), we set P m,j (x) = Y m,j (x )|x| m . Then P m,j is a solid spherical harmonic of degree m and σ α,m,j (x) = |x|
is a radial function in x, using Lemma 2.1 we have
where
From this and (2.4) we have
Now we consider three cases, namely
Case 1. By a classical formula for Bessel functions (see [10, p .48]), we get
Thus, by 2 α |ξ| ≤ 1, we have
Thus, by (2.6) and the fact that 1 < 2 α |ξ| < m + λ, we get
Case 3. Since |J m+λ (t)| ≤ 1 for t > 0, using the second mean-value theorem and the following differential equation for J m+λ (see [10] )
,
where we use the assumption 2π2 α |ξ| ≥ 2π(m + λ). Thus, from (2.5) and the above estimates in three cases, we get
On the other hand, by (2.5) and (2.6) we have
If for some constant 0 < β < 1, B δ,m,j satisfies the following conditions:
Proof. We may assume that
Denote by T 
By (2.10) it is easy to see that for any fixed 0 < v < 1, if there exists γ > 0 such that 
Hence, it suffices to verify (2.11) for the function f with suppf ⊂ Q, where Q has side length 2 
It is easy to see that
Thus by (2.12) we need only show that for any function f supported in Q with side length 2 l ,
In fact, by the definition of T l δ,m,j , we have 
i.e.
On the other hand, note that R n φ(η) dη = φ(0) = 0, so by (2.15) and (2.9) we get 
Applying the Plancherel theorem again, and by (2.15), (2.7) and
we obtain
Hence, by (2.17) and (2.18), for any 0 < t < 1,
Thus we obtain (2.14) by interpolating between (2.16) and (2.19).
Let us return to the proof of (2.13). For 2 < q 1 , q 2 < ∞ with 1/q 1 +1/q 2 = 1/2, by (2.14) and the fact that
we have
For any fixed 0 < v < 1, we choose q 2 > 2 and sufficiently close to 2, t > 0 but sufficiently close to 0, such that q 2 and t satisfy:
Then there exists γ > 0, independent of l, such that 2 −2tl/q 2 +nl(1−2/q 2 ) = 2 −γl . We also can get
If 0 < δ < 1, then by (2.20)
Therefore we get (2.13) and the proof of Lemma 2.3 is complete.
Remark 2.1 When k = 0, Lemma 2.3 also holds.
For b ∈ BMO and a nonnegative integer k, denote by S l;b,k the k-th order commutator of S l . Then for 1 < p < ∞,
Proof of Theorem 1
As in [2] , by a limit argument we may reduce the proof of Theorem 1 to the case where f ∈ C ∞ 0 (R n ) and
is a finite sum. Notice that Ω(x, z ) satisfies (1.1), so a 0,j ≡ 0. Define
and
If we write
then by using Hölder's inequality twice and (3.1), we have
By [2, p. 230], if we take q > 2(n − 1)/n, 0 < ε < 1 and sufficiently close to 1, then
Applying the Minkowski inequality and (3.2), for q > 2(n − 1)/n and 0 < ε < 1 which is sufficiently close to 1, we get
If we can show that for some 0 < β < (1 − ε)/2, such that 4) then from (3.3) and (3.4) we immediately get the conclusion of Theorem 1. Hence, it remains to show (3.4) to prove Theorem 1. 
We claim that
(3.5)
Once (3.5) holds, then by the Minkowski inequality, we get
So by (3.6), to prove (3.4), it suffices to show (3.5) and
where C is independent of l and f. Let us first consider (3.5) . By the definition of σ α,m,j ,
For a fixed cube Q, write
Thus as in [5, p. 545] , it follows that
This establishes (3.5) . Hence it remains to show (3.7). With the aid of the formula
we can write 
Then from (3.11) and (3.13), we get
(3.14)
